We present an overview of the quadratic Stark effect in the ground state of alkali atoms. On the basis of symmetry arguments we show that the second order Stark interaction vanishes in the spherically symmetric S 1/2 ground state while an extension of the perturbation theory to third order, including the hyperfine interaction, leads to scalar and tensor polarizabilities. We discuss the effect on the hyperfine structure of the Cs ground state. We report 2 new independent measurements of the tensor polarizability α (3) 2 (F = 4), which are in very good agreement with prior experiments, and we present an extension of the theory of the Stark interaction which bridges a 40 year old discrepancy between experimental and theoretical values of the tensor polarizability. We also report the presence of a sign error in prior theory and discuss its relevance for primary frequency standards.
INTRODUCTION
The perturbation of atoms by externally applied static electric fields has been studied experimentally and theoretically since the early days of quantum mechanics. The effect is named after Johannes Stark who was the first to observe, in 1913, shifts and splittings of spectral lines induced by strong electric fields. Optical spectroscopy has remained the most commonly used tool to study the Stark effect, although non-spectroscopic techniques have also been applied. 1 The Stark effect has proven to be an extremely valuable tool for testing precise atomic structure calculations. In this paper we will address a tiny M -dependent correction (of order 10 −7 ) of the scalar Stark shift of the ground states of alkali atoms, for which no satisfactory quantitative theory existed so far.
The quadratic Stark effect of the spherically symmetric nS 1/2 ground states of the alkali atoms is a scalar effect, by which all the (2J +1)(2I +1) magnetic sublevels experience the same (downward) shift of their energies. As a consequence neither the hyperfine splitting nor the Zeeman sublevel degeneracy is altered by an external electric field. This general behavior follows from symmetry arguments applied to second order perturbation theory to be addressed in section 2. However, it was already observed in 1957
3 that a static electric field does induce a shift (quadratic in the field strength) of the hyperfine transition frequency (F -dependent Stark effect), and in 1964, Lipworth and Sandars 4 demonstrated that a static electric field also leads to a lifting of the Zeeman degeneracy within the F = 4 hyperfine sublevel manifold of the cesium ground state (an |M |-dependent effect). The electric field induced differential shift of the Zeeman levels in the Cs ground state was measured later also by Carrico et al. 5 and was extended to five stable alkalis by Gould et al. 2 In 1967 Sandars 6 showed that a third order perturbation treatment could explain the F and M dependent shifts. Sandars expressions were evaluated in 2 using some simplifying assumptions. A comparison with the experimental findings is shown in Fig. 1 , where one can see a general systematic difference between theory and experiments, which reaches up to 13.5 standard deviations in the case of 85 Rb.
This was the status at the end of the 1960's: the third order treatment could reproduce the order of magnitude of the measured tensor polarizabilities, but could not give a satisfactory quantitative description. Starting from this puzzling fact we have performed two measurements 7-9 of the tensor polarizabilities of cesium using two independent novel approaches discussed in section 4. As a result we could confirm the experimental findings from the 1960's. In parallel we have reanalyzed the underlying theory of the third order treatment and have 2 (F = I + 1/2) of five alkali isotopes from Gould et al. 2 The numbers in parentheses represent the difference between experimental and theoretical values expressed in units of the experimental errors. The points (a) and (b) represent our experimental results (discussed in the text) from atomic beam and doped solid 4 He experiments, respectively.
identified terms not included in the previous treatment. In this paper we show that these terms have allowed us to solve the 40 year old open question regarding the alkali tensor polarizabilities and to reconcile theory and experiments.
SYMMETRIES OF THE SECOND ORDER STARK INTERACTION
The Stark effect is described by the perturbation Hamiltonian
where E is the externallly applied electric field. The energy shift ∆E of atomic levels under the influence of E is commonly parametrized in terms of an electric polarizability α as
and expressions for the polarizability α can be derived in perturbation theory. It is well known that the Stark effect in hydrogen arises in first order due to the degeneracy of states of opposite parity. Because of parity conservation the Stark effect of atomic levels which are not degenerate with levels of the opposite parity arises only in second order perturbation theory. For the alkali ground state (we chose the 6S 1/2 state of cesium) the corresponding second order polarizability is given by
where d z = e z is the component of the electric dipole operator along the electric field ,and where the sum has to be carried out over all bound and continuum P 1/2 and P 3/2 states. Equations 3, 4 can be written in terms of the expectation value
of an effective operator
where P nP J = |nP J nP J | is the projection operator onto nP J states. 10 As the projection operator is invariant under rotations, the rotational symmetry of the polarizability is determined by the rotational symmetry of d z d z , which can be rewritten as
where T 
q , which transform under rotations as scalar (k = 0) and second (k = 2) rank tensors, respectively. As a consequence the second order electric polarizability is (in general) the sum of a scalar polarizability α and of a tensor polarizability α (2) 2 . The operators
are bilinear forms of the electron coordinate operators r i which act on the spatial part of the wave functions only. According to the Wigner-Eckart theorem the matrix elements of all tensor operators of the same rank are proportional to one another, the proportionality factors being the reduced matrix elements. The tensor part of the second order energy shift ∆E (2) can thus be expressed in terms of second rank tensors constructed from either the dipole (position) operators d i = −e r i or from the total angular momentum operators F i = J i + I i , and one has
As T (2) (r) acts only on electron coordinates the reduced matrix element of Eq. 13 has to be evaluated in a basis in which the nuclear spin is decoupled from the electronic variables, i.e.
The Wigner-Eckart theorem implies that the reduced matrix elements
n 2 , L 2 , j 2 are non-zero only if the quantum numbers j 1 , j 2 , and k obey the inequalities |j 1 − j 2 | ≤ k ≤ j 1 + j 2 , so that for the nS 1/2 alkali ground state one has 6S 1/2 T (2) 6S 1/2 ≡ 0, which expresses the fact that a spherically symmetric state (j = 1/2) cannot have a rank 2 tensor property, i. e. a quadrupole moment. As a consequence the tensor polarizability in the alkali ground state vanishes when treated in second order perturbation, and the quadratic Stark effect induces only a scalar shift of all involved levels, i. e., the electric field does not affect the hyperfine splitting, nor does it lead to a lifting of Zeeman degeneracies.
In the ground states of all the alkali elements the total angular momentum quantum numbers F = I ± 1/2 have values F ≥ 1, i. e., large enough to carry a tensor polarizability α 2 . However, as shown, α 2 vanishes because the tensor part of the second order Stark interaction does not have a finite expectation value in S 1/2 states after decoupling of the nuclear spin. The only way to produce a finite tensor polarizability in the ground state is to allow for a perturbation which acts in nuclear spin space, a role played perfectly well by the hyperfine interaction. As pointed out in 1967 by P. G. H. Sandars 6 a perturbation treatment in third order using the Stark interaction (H St ) in second order and the hyperfine interaction (H hf ) in first order leads indeed to finite tensor polarizabilities of the alkali ground states.
THE THIRD ORDER POLARIZABILITIES
The third order energy perturbation of the ground state level |β = |6S 1/2 , F, M is given by
where E β,γ,δ are the unperturbed state energies. W = H St + H hf is the perturbation and the sums have to be carried out over all states according to the selection rules of the operators.
11
The second term of Eq. 15 can be rewritten in the form
with γ = |nP J , f, m . In Eq. 16 the Fermi contact interaction in the ground-state appears as a multiplicative (F-dependent) factor. The second factor (sum) has the same rotational symmetry as the second order term (Eqs. 3, 4). Because of the same symmetry arguments as discussed in section 2 the tensor part T
of Eq. 16 vanishes in the ground state. The contribution of Eq. 16 is thus scalar, i.e., M -independent, but depends on F because of the hyperfine factor E hf (β) = E hf (6S 1/2 , F ). It is described by a third order scalar polarizability α (3) 0 (F ), which gives the main contribution to the Stark shift of the hyperfine (clock) transition frequency
The first term of Eq. 15 can be rewritten as
where γ = |nP J , f, m and where we consider only diagonal matrix elements of the hyperfine interaction. As in Eqs. 5-9, this contribution can be written in the form
with an effective perturbation operator defined here as
In Eq. 19 the hyperfine interaction, represented by the energy E hf ∝ J · I nP J
, cannot be factored out of the sum and the effective operator H eff thus exhibits an explicit dependence on the nuclear spin. As a consequence, the electronic and nuclear spin variables cannot be decoupled and both the scalar and the tensor parts of the this contribution give finite contributions, i.e., ∆E
and ∆E
The tensor term ∆E has the characteristic second rank tensor dependencies, f (θ) = 3 cos 2 θ − 1 on the orientation of the electric field and 3M
2 −F (F +1) on the magnetic quantum number M. This tensor contribution is parametrized by a third order tensor polarizability α
2 . ∆E
is independent of M , but depends on F and gives a small (F-dependent) contribution, on the order of 1%, to the third order scalar polarizability α In resumé, the electric polarizability of the alkali ground state has three distinct contributions, viz.,
The first term is the scalar polarizability introduced in section 2 whose most recent experimental value is α 
0 (F ) and α
2 (F ), are the scalar and tensor third order polarizabilities, respectively.
Orders of magnitude
It is interesting to compare the relative orders of magnitude of the energy shifts induced by the three terms. While the second order scalar shift, determined by Eqs. 2 and 3, is on the order of
the third order scalar and tensor shifts, according to Eqs. 16 and 17 are on the order of
and
respectively, where ∆E hf represent hyperfine energies. The relative magnitudes of the third order and second order effects is thus
and α
The ratios above are only coarse estimates of the relative orders of magnitude. Experimental results show that in a field of 50 kV/cm one has ∆E (2) 0 ∼ 120 MHz, ∆E
0 (F = 4) ∼ 2.5 kHz and ∆E
2 (F = 4, M = 4) ∼ 44 Hz, which yield 2·10 −5 and 4·10 −7 respectively for the above ratios.
Relative polarizabilities of the two hyperfine states: a sign error in the literature
The Wigner-Eckart theorem and the Racah decoupling rules for angular momentum operators allow one to reduce Eqs. 16 and 17. The total third order polarizabilities 11 then take the form
The ground state Fermi-contact interaction (Eq. 16) provides the dominant contribution to a 0 which, as mentioned above, also has a small contribution from the scalar part of Eq. 17. The a 1 term represents the contribution of the magnetic dipole-dipole hyperfine interaction in the excited P-states, while a 2 is proportional to the quadrupole hyperfine interaction in the nP 3/2 states. The relative contribution of a 2 in Cs is 10 −3 and can be neglected thus leading to the simple relation α
2 (4) = −α
2 (3). This last result is in contradiction with Sandars' work 6 which predicts the same sign for the tensor polarizabilities of the two ground state hyperfine levels, i. e., α
2 (4) = +α
2 (3). To our knowledge, this sign cannot be derived from previous experiments, which measured only the tensor polarizability of the hyperfine level F=4. We have recently confirmed experimentally 8 that the tensor polarizabilities of the F = 3 and F = 4 states have indeed opposite signs as predicted by our calculation. This sign error has remained unnoticed in the literature for almost 40 years and we will come back to its relevance for atomic clocks below. 
EXPERIMENTS
Incited by the discrepancy of the alkali tensor polarizabilities measured in the 1960's and their theoretical values calculated following Sandars' third order perturbation formulas (Fig. 1) we have performed two new measurements of the tensor polarizability of the F=4 level of the Cs ground state of cesium using two distinct novel experimental techniques. We also measured the differential shift of the magnetic resonance frequencies corresponding to the hyperfine levels F=3 and F=4 thus providing experimental evidence that the signs of the tensor polarizabilities predicted by our calculation are correct. 
α 2 from a thermal Cs beam experiment
The experiments, 2 5 performed in the 1960's used Ramsey's separated oscillatory field method in thermal atomic beams and the tensor polarizability was inferred from shift of the Ramsey fringe pattern induced by a static electric field applied in the zone between the (microwave) Ramsey interaction zones. In 2003 we applied the technique of Faraday-Ramsey spectroscopy (FRS), developed earlier by us, 14 to remeasure the tensor polarizability of cesium.
7 FRS is an all optical technique which, in modern terms, could also be called degenerate coherent population trapping (CPT) in pump probe geometry (Fig. 2) . A thermal cesium beam interacts in two spatially separated (30 cm) zones with two lineraly polarized laser beams derived from the same laser source. In the first interaction (pumping zone) optical pumping produces a ground state alignment, which then evolves under the combined action of a magnetic and an electric field. In the second optical interaction (probe zone) the altered alignment is detected via its effect on the absorption coefficient or on the polarization of the probe beam. When the magnetic field B 0 is scanned around B 0 = 0 one observes typical dispersive (or absorptive) Ramsey fringes. The fringe pattern shifts under the action of an applied electric field E and the tensor polarizability can be inferred from the quadratic field dependence of this shift. The experiment yielded the result
represented in Figs. 1 and 4. 
α 2 from Cs in solid He
Since more than a decade we have investigated the properties of atomic (and molecular) dopants in crystalline helium matrices 15 and have shown that such matrices are ideal hosts for performing high resolution spin physics experiments. The diamagnetic nature of helium, the existence of an isotropic body-centered cubic phase and the softness of the crystal, due to its quantum nature, imply that the implanted species can impose their own symmetry onto the local crystalline structure. Impurity alkali atoms, with their spherical S 1/2 ground state therefore form spherically symmetric bubble-like cavities in which the atomic spin is practically unperturbed by the crystal. As a consequence spin polarized alkali atoms have very long spin relaxation times 16 and show very narrow magnetic resonance lines.
We have applied optically detected magnetic resonance (ODMR) to measure the tensor polarizability of cesium in solid helium. The experimental arrangement is shown in Fig. 3 (left) . A circularly polarized laser beam (D 1 transition) optically pumps 17 the atoms into the (dark) state |F = 4, M = 4 state which does not fluoresce. A static magnetic field B 0 removes the degeneracy of the magnetic sublevels and a resonant oscillating rf-magnetic field applied perpendicularly to the static field induces magnetic transitions which depolarize the sample and lead to a revival of the fluorescence. A (magnetic) resonance is detected when the rf frequency Ω rf is scanned around the Larmor frequency Ω L ∝ B 0 (Fig. 3, right) . While the Zeeman interaction leads to an M -dependent shift of the sublevels, the quadratic Stark interaction induces an M 2 -dependent shift. Therefore an external electric field E will produce a differential Stark shift of the energies of the |4, 4 and |4, 3 states which manifest itself as a shift ∆ν of the resonance frequency of the |4, 4 → |4, 3 magnetic resonance line proportional to E 2 ( Fig. 3, right) . From the quadratic dependence ∆ν(E 2 ) one can extract the tensor polarizability
The very good agreement with prior experiments is shown in Fig. 4 , where we also show the weighted average
of the four measurements.
The relative sign of α 2 (F = 4) and α 2 (F = 3) from Cs in solid He
The relative signs of the tensor polarizabilities α 
INCLUSION OF OFF-DIAGONAL HYPERFINE MATRIX ELEEMENTS
The tensor polarizability a 1 of Cs was evaluated by Gould et al. 2 by considering in Eq. 17 only diagonal matrix elements of the hyperfine interaction and only states with principal quantum number n=6. The authors also neglected the spin orbit splitting in the energy denominators and they further assumed the relation between the hyperfine coupling constants A 6P 1/2 /A 6P 3/2 = 5, which is valid for one-electron atoms whereas in Cs the experimental value of the ratio is 5.8. Under these assumptions they obtained a discrepancy between experimental and theoretical values of the tensor polarizability of 2.3σ (see Fig. 1 ). In our calculations 11 we dropped the simplifying assumptions mentioned above, still keeping only diagonal hyperfine matrix elements, and we obtained the result (f) of Fig. 4 . The discrepancy thus becomes even larger and does not change significantly when the perturbation sums are extended to nP J states with n > 6. However, the first term of Eq. 15 allows also off-diagonal hyperfine terms.
11 All possible off-diagonal configurations compatible with the hyperfine and Stark operator selection rules are shown schematically in Fig. 5 . We have solved the Schrödinger equation for a statistical Thomas-Fermi model potential to calculate the relevant wave functions of the free Cs atom. Corrections for the dipolar and quadrupolar core polarization as well as spin-orbit interaction with a relativistic correction factor were included. The electric dipole and hyperfine matrix elements were calculated using the Schrödinger wave functions for all matrix elements for which no precise values could be found in the literature. In this way we evaluated all diagrams of Fig. 5 for states with principal quantum number n up to 200. Their relative contributions to the tensor polarizability are also shown graphically in Fig. 5 . Diagrams which involve the hyperfine interaction between S-states (both diagonal and off-diagonal) lead to M-independent effects and therefore do not contribute to the tensor polarizability. A numerical evaluation of the perturbation sums with all the diagonal and off-diagonal terms mentioned above, including states with n up to 200, yields 
This result is represented by the dotted horizontal line (g) in Fig. 4 . We estimate the uncertainty of our calculated value to be 7%, based on the precision (2-8%) with which our Schrödinger solutions can reproduce measured dipole matrix elements and hyperfine splittings, and considering that some (more precise) experimental values yields − 8 7 a 0 = −2.281(4) kHz/(kV /cm) 2 . The correction of the sign error thus changes the BBR shift rate by a value which is twice as large as the reported experimental uncertainty and leads to a correction of the coefficient β on the level of 6 × 10 −17 , which is one order of magnitude below the present sensitivity of atomic clocks.
In Fig. 5 we show the relative contributions of the diagonal and off-diagonal diagrams, involving only discrete states, to the Stark shift of the clock transition frequency. It was recently shown 20, 21 that the continuum contributes significantly (≈ 10%) to the diagrams involving the hyperfine coupling of the ground state to higher S-states. While this diagram is not relevant for the tensor polarizability, it does affect the calculation of the ∆ν 00 .
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